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I. INTRODUCTION

One of the problems which arises in the design of
space missions is the choice of communication bandwidth. 1In
general the choice will be a compromise between the desire to
transmit large quantities of data and the requirement to
restrict weight and power consumption.

In the case of many missions, and for the ones with
which we will be concerned here, the distance between the
cransmititcr and the receiver does not remaln constant. Once
the transmitter and receiver, the antenna, the modulation
ftechniques, and numerous other items have been selected, the
available communication rate at a given signal to nolse ratio
depends, at least, on the distance.

For several cases of interest in deep space flight
the velocity between the transmitter and receiver is constant
with time and directed along their line of centers. In par-
ficular, this is the case during a manned planetary flyby
mission when the manned vehicle communicates with an unmanned
probe at the planet subsequent to periapsis passage. As the
separation distance increases linearly with time, received
power will vary inversely with the square of time. If, in
addition, the noise background remains constant (a non-trivial
assumption), and all other transmission parameters remain con-
stant, then the rate at which information can be transmitted,
at a specified error rate, will obey the relation

;= =2 Avﬂhbb to NASA Offices and (1)
Research Centers Only.

where y is the rate of information transfer, and a is a constant
which depends on the parameters of the transmission system, in-
cluding the allowed error rate. The situation is illustrated
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in Figure 1. Transmission rates which at a given time exceed
y would produce excessive error rates and are therefore not
allowed; any lower rate is permitted. Thus we will speak of
equation (1) as providing the maximum permissible rate of in-
formation transfer.

The developments of the subsequent sections apply to
any situation in which the available communication bandwidth
varies with time in the fashion of equation (1).

Suppose transmissions begin at T0 greater than zero.
(The time To will play an essential role in the subsequent
development.) The maximum amount of information, Q, which can
be transmitted without violating (1) is given by

(-]

&£
!

y dt

T
© (2)

= a_
Q= 7
(o]

Q is the total information which can be transmitted, beginning
at TO and continuing indefinitely, under the prescribed condi-

tions. It requires the information rate which is transmitted
be continuously adjusted to the rate indicated by eguation (1).
Q will serve as a benchmark against which other operational
schemes can be compared.

Our concern is with modulation systems for which it
is not possible to adjust the information rate continuously.
Instead, it is assumed that the system is capable of transmitting
at any one of n discrete rates; these rates are constant and are
determined prior to the mission, but may be freely chosen then.
The question which is posed is: how should the n rates be chosen
in order to maximize the transmission of information under the
restriction of equation (1). It is an inherent assumption in
this discussion that it is desirable to maximize the flow of
information, and that data transmitted at any time is as useful
as data transmitted at another time.
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Two separate cases are considered in subsequent sections.
In the first, the n rates are restricted to be integral multiples
of a fundamental rate; the highest rate is n times the fundamental
rate. This is the "Integral Multiple Case". 1In the second
"Arbitrary Rate Case", the n transmission levels may be chosen
independently of one another.

This entire problem has been suggested by work done

on the communication aspects of Mars flyby missions.(l’z) The
communication rates used in the "Interim Mission Sequence

Plan"(l) were chosen prior to the present study and were not
optimized in the sense used here. However, their choice was
based on many careful considerations, including hardware limita-
tions and data requirements. In the presént study, the sole
consideration has been the maximization of the data transmission.
As such, it should be considered only as a component part of an
overall optimization of the transmission.

II. INTEGRAL MULTIPLE LEVELS

In this section, we make the assumption that the
transmission may take place at any of n levels which are

integral multiples of a fundamental rate u(n). That is, the n

rates are given by

(n) (n) (n) (n)

u , 2u , 3u , s s s+ e e nU (3)

(n)

We wish to maximize the total information flow Q
priately choosing the fundamental rate u.

by appro-

Such a system as described above has been proposed for
relaying data between a Mars photographic orbiting vehicle and the
flyby vehicle. In that case, the fundamental rate corresponds to
the rate at which a single scanning device in the Mars orbiter
converts photographic information to analog data. It is supposed
that this device works at a constant rate, although in our case
we suppose that the rate may be freely chosen before the start
of the mission. Because of hardware constraints such a circumstance

may not exist in fact.

(LSA Offices and

'mMetsN
?@as\earch Centers Onlyx yd
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In order to increase the data flow from the orbiter
to the flyby vehicle, several scanning devices working in
parallel may be employed. The number of devices in operation
at any one time may be changed; thus, if there are n scanning

devices, then transmission may occur at any one of the n rates
given in equation (3).

We label the rates by the relation

pJ.(n) = (n+1-3) u® ()

where u(n) is the fundamental rate in the case of n levels. We
shall commonly suppress the superscript (n) where it does not
add to the clarity of exposition. The fundamental rate which

maximizes the information transfer will be denoted by r(n).

Each rate intercepts the curve of permissible rates
(equation 1) at a time Tj (see Figure 2) given by

-2
, = aT,
Py j (5)
and we have immediately
. 2
TJ. = [a/(n+l—J)u]1/ . j=1,...,n (6)
and we note that TJ.+1 > Tj'

Since it is desired to maximize the total information
flow, we can consider that the rate p, is utilized during the
period J

T, <t<T.
j=1 "=
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A lower rate would provide less information, and the next higher
rate intercepts the permissible 1limit curve (equation (1)) at
Tj—l’ and so is not permitted in the time interval.

The area q under the step function curve of Figure 2
is equal to the total information transmitted, and the area is
given by

O

(n) _
at™ = ) oy ey (T - 1) (7)

(n)

We seek to maximize q by an appropriate choice of the pj,

that is, through equation (4), by choice of the fundamental rate

u(n). For this purpose, we will restrict u to the interval

(0) . _a (8)

since this guarantees that T1 > TO, and because Tj+13Tj’ that
all Tj > T . Without the limitation (8), equation (7) contains

undesirable terms which correspond to negative information
transfer. At a later point we will carefully consider the
effect of the restriction (8).

Consider equation (7); the term (pj - pj+1) is just
equal to u, and we obtain, with the use of (6),
n
qw) =u ) {[a/(n + 1 - pHult’? - To} (9)
Jj=1

To maximize the area, we set

da _
du O
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This is a necessary but not sufficient condition for the
existence of an extremum. We shall later show that in fact a
maximum is obtained, but in the meantime we will assume that
it provides a maximum point. From the previous equation one
obtains

(n 2

(n) a 1
r = — B —— (10)
4T _*n° ;g; (n+1 - 3)1/2

where r(n) is the value of u which maximizes q(u). We note that
the sum in equation (10) may be written in the form

n n
§: 1 _ E: 1
~NL1/2 1/2
=1 (0 1= 0) k=1 ¥
We then define
n 2
_1 1
Sn T n §: ;T7§ (11)
1 k=1
so that
r(n) = a é S, (12)
MnTO

The total amount of information which is transmitted when
the optimum fundamental rate is employed can be obtained from
equation (9)

(n) _

m

n
1/2 N 1
L (n +1 -

q (ar) - nT r
J.)1/2 o]

J=1
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where we have defined

(n)

q, = a(u=r{"))
Using 12, we find
0™ = s, S}
o}

The function Sn has been evaluated using the Bellcomm

7040-7044 digital computer. Double precision arithmetic was
used to insure the accuracy of the results, which are given in
Table I for certain values of n, and which are plotted in Figure 3.

It is interesting to consider the 1limit of the optimum
process as n»>», It is shown in Appendix A that

Lim -
noe Sn =4 (14)

Not unexpectedly, we find then

Lim (n)
n+>= m

which is just the area under the maximum permissible curve
(equation 1) from T _ to =. We also see

Lim I,(n) -0
n-e
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and

(n) _a_

Lim Lim (n+l-j)r 5

n--o pj = ) T

J

The latter result merely states that in the limit of large n,
the transmission rate at any specific time T, is given by the
rate of the maximum permissible curve at Tj'

Suppose the fundamental rate differs from the value

which provides a maximum information transfer. Let us define
the efficiency E to be

E(n) (E}- = q(n)(u)/qm(n) (15)

With the use of equations (9), (11), (12) and (13)
we find

(16)

This relationship is plotted in Figure 4. This equation shows

that the point r = u, where %% = 0, is in fact a real maximum.

We had made that assumption earlier in this section.

We recall that equation (8) limits the range of u and
equation (16) is valid only for

0 <u < a (8)
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However, we are now in a position to discuss this restriction.
The upper limit of the fundamental rate in equation (8) is
chosen so that the rate oy satisfies the inequality

N U — (17)
nTO (n—l)TO
then we have

a

°1>T2 >
o}

P < a

2__——
T 2
(o}

That is, there are exactly (n-1) transmission levels which are
useful for times greater than To' The nth level, Py exceeds

the maximum permissible rate except for t < To’ and because we
assume no transmissions before TO, is excluded from use. Thus

in the interval given by (17), for the n-level case the

amount of information transmitted is the same as for the n-1
level case. We are faced with the following question: 1in the
case of n levels, is it possible to transmit more information
by a choice of u which restricts the number of usable levels
to n-1?

The answer is no. It is shown in Appendix A that

S > 38 (18)
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Consequently, since

(n) a
U - HT; S
we have
q, ™ > o Y (19)

where for qm(n)
(n-1)
q,, by

il

the restriction on u is given by (8) and for

5 (20)

For the n-level case, however, if u lies in the range of
equation (17), the information transmitted must be less than
(n-1)
m
Thus we are now insured that the fundamental rate r

or equal to g
(n) (n)
A .

provides a maximum information transfer for any u in the interval
given by equation (20).

and, through equation (19), less than

It is possible to extend the range of u by subsequent
arguments for n-2 levels, then n-3 and so forth, until we reach

the point where u exceeds a/TO2, at which point no transmission

at all is possible.

That is, we have verified that r(n) does indeed produce
a maximum amount of information transmittal in the case where at
most n-levels are allowed, and where there is no restriction on
the range of u. Equation (16), however, is only applicable to
the range given by (8).
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ITTI. ARBITRARY RATES

The problem which will be discussed in this section
is the same as before, except that we release the constraint
that the transmission rates be integral multiples of a funda-
mental rate. We consider that there are n transmission rates

oj’ j =1, « +« +, n, satisfying
> o,
% i-1
It is also convenient to define
_ -2
o, = aTo (21a)
and
04 = 0 (21b)

We also define Tj as the time when rate Oj intersects the

curve giving the maximum permissible rate (equation 1), i.e.,
o, = aTj (21c)

The rate o, is used during the period Tj—l to Tj' This provides

the maximum information transfer in the interval since the next
higher rate exceeds the maximum permissible rate in the interval.
Note that equations (2la) and (21lc) are consistent.
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The total information which is transmitted is

n
(n) _
w = ;Z; oj(Tj - Tj—l) (22)
J:

and we seek that set of n cj's for which w(n) is a maximum.

Since w(n> has continuous first derivatives, the maximum point
must solve the equation

(n) .
oW _
= = 0 (23)
J
We obtain n equations of the form
1/2 1/2 3/2
lla a 1 j+l (a - + o . e .
22 o B vy om ooy 0 It »n @1
J J-1 J

where use has been made of the definitions contained in
equations (2la) and (21b), and equation (21c) has been used
to eliminate Tj'

Equation (23) is a sufficient but not necessary condi-
tion to be satisfied by a maximum point; a saddle point would

also satisfy the equation.(3) However, w(n) in equation (22)

must have a maximum, because it is bounded by the area under
the maximum permissible rate curve (equation 2) and it can be

shown that w(n) approaches zero as all the ¢.,»0 or as all the
o,>c_. Moreover, the maximum cannot lie on any boundary of the
J

[

range of the o's, since straightforward arguments shcw that small

adjustments away from the boundary increase the value of w(n).
Hence, there must be a maximum point satisfying (23), and since,
as will be seen, a unique point is developed from equation (24),
that must be the maximum point.
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Suppose we relate oj to °j+1 by the relation

o, =T

J n-j%3+1 Jo=0, ¢+, n-1 (25)

By setting j = n in equation (24) and making use of (25)
we obtain

rl = 4 , (26)

For arbitrary j we obtain the recursion relation

or 2

Fyt1 SlT% T (27)

We can extend equation (25) as follows

Oy = Th3Tnogo1faog-2 = ° ° Ty9y
or

oy = a(n - j)on j =0, « < ., n (28)
where

a(k) = T, Ty ¢+ Ty k >1 (29)
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and
a(0) = 1
We also have the following relation
o, = u(n)cn

so that we can obtain o, in terms of 05 which is known at the

outset of the problem (equation 2la).

0y = “—(%(%YJ—) o (30)

It should be noted at this point that the quantities

Fk and a(k) are independent of n, the number of levels in the

system under consideration. This simplifies the problem of
tabulation of the quantities and it allows the development of

these quantities without considering a specific problem.

The o,'s of equation (30) maximize the total information

transmitted, equation (22). If we write the maximum area as

W () )
m

information Q (equation 2) through

, we can define P(n as the fraction of the maximum possible

w (M) = pg=p2 (31)
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and with the use of relations (29) and (30) we find

n
P —~1—1/2 Z [a(m—l)] 72 1y _p /e (32)

n T amiv? & m

Let us calculate I‘nPrl from (32), and express it in terms of

rn—l and Pn-l‘ We obtain
rnPn =1 4 (2rn_1Pn_1 - 2)
That is, if Fn—an—l = 1, then also PnPn = 1. But PlP1 = 1,

so the relation can be extended to all n, and we have

P, = - (33)

The value of the quantities Pj, a(j) and Pj are
given in Table II for certain values in the range j = 1 to
J = 100,000. The quantity Pn i1s plotted in Figure 5 with a
comparison from the "integral multiple" case.

It is shown in Appendix B that rn+l < Fn, as expected;

in consequence we have

J
v/

‘ntl 7 “n (34)

This means that to increase the total information transmission,
it is advantageous to increase the number of levels at which
transmissions occur.
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The limit of Pn as n»» can be determined as follows.
Certainly, because of its definition, Pn < 1, because the

transmission rates are always less than the maximum permissible
value (equation 1). On the other hand,

because the levels for w, are chosen to maximize the area;

one possible set of levels is just that which maximizes the
"integral multiple" case. Consequently, from equations (13),
(14), and (31), we have

S
a n a

fnT ZW C T

o) o

1 Lim P Lim "n 1
— h>w n — n-ow
So,

Lim P = 1

n»>« n
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IV. CONCLUSION

The optimized transmission process which has been
developed here was suggested by the communication procedures
adopted for the Mars Flyby Mission Sequence Plan (Reference 1).
In the flyby mission, the Mission Module communicates with
probes which remain in the vicinity of Mars, and the available
communication bandwidth decreases as the Mission Module and
probes separate at essentially a constant velocity. The two
modes of transmission, the integral multiple case and the
arbitrary case, were used in the Mars flyby example for communication
between the photographic orbiter and the Mission Module, the
former corresponding to several mechanical photographic scanners
operating in parallel, and the latter to readout from a buffer
storage at several different rates. '

A primary assumption of the scheme is that the
quantity to be optimized is the total amount of information.
This is a restrictive assumption and is clearly not valid in
many circumstances. For example, a Mars probe may be mea-
suring the local temperature. It may then be desired to
obtain the measurements over as long a time span as possible,
rather than obtain the greatest number of measurements (the
greatest information).

In general, the situation for which the optimiza-
tion scheme is appropriate probably involves storage of infor-
mation in some fashion. That is, there is a large amount of
data which is collected and stored very quickly, and the concern
is transmitting as much of the stored information as possible.
A photographic orbiter is, of course, a stralightforward example
of such a system.
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1.0C000000
145710677
1473958133
1493830025
208873901
2420816830
2430619815
2438868245
2445942909
2452104199
2462378249
2470670149
2477555150
2483397128
2488439404
2402852223
2496758291
300249204
3,02304714
3406249067
3.08855200
3.11247611
3413454390
3415498680
3.17399749
3421626109
3,25246081
3,28393462
3.31163R56
3433627671
3.3583R8097
3,37836179
3.39654168
3441317827
3.42848006

TABLE |

n

95
100
150
200
250
300
4n0
500
600
700
800
900

1c00
1500
200N
2500
3000
4000
5000
60ne
7000
8000
9000
10000
15000
20000
25000
30000
400n0n
50000
60000
70000
80000
50000

100000

Sn

3644261798
3645573369
3.54981032
3.60709852
3464671883
3.67624095
371807867
3674689883
3676831371
378504023
379857606
3480982390
3481936467
3.8519052n
3487143192
3488481301
3480471945
390866646
3691821226
3492527324
36493076956
3493520549
3493888351
3694199762
3495257971
36495890105
3696322054
3.96641201
3,97Nn80OKNYG
397395888
3497622126
3.977980n46
3497939906

2 4
3498057446

3e981569C8

VALUE OF THE SEQUENCE S, FOR SELECTED n. THE SEQUENCE
IS DISCUSSED IN THE TEXT.
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90
100
150
200
300
400
500
600
700
800

1000
1500
2000
3000
4000
5000
6000
7600
8000
10000
20000
30000
40000
50000
60000
76C00
80000
100C00

Ne25000000
0e39062500
0648345947
055016300
0460075133
064060120
067289308
0469964281
072219642
Ce74149013
0e77281414
Je81674511
NeB46192°1
0e88994993
Ce91416065
092957572
Ce94026696
0694812379
0495414462
095890736
De96277000
Ne97465568
0.98077881
Ne287N3395
0e99021478
0699214144
099343379
099436089
099505845
0.99603836
099735114
099801031
0e99867143
0e©9900275
Ne99920180
Ne9993346N
Ne99942952
0e9995G073
0.99960M48
099980012
099986672
0«99990N03
Ne 99992102
Ne®9993335
NeMQ0G4L286
Ne929950C01
Ne9999600]

TABLE 11

a(i)

0s100000E
oy /Nalalalelal
0el02400E
0«211807E
0«384989E
0+640846E
0.100038E
N0e148669L
0e212492E
0.294231E
0«396810L
0e677214E
0e1639037E
0e335724E
Nel31131E
(0«358800E
0e798348E
0e¢155104L
0.273756E
0e449797E
0e699163E
0e103972E
De48T7068E
Nel&t7685E
Ne715478E
0.220922E
Ne531582E
0«109135E
0.200716E
0«340507E
0e824695E
0.412899E
0e129744E
Ne652886E
Ne2N5690F
N0e501227E
0«103798E
0.192115E
0e327502E
0798737E
Ne127523E
0645096E
0«203802E
0e497446E
0.103134E
Nel191NA45E
Ne®25886L
Ne795518L

01
~r1
02
02
02
02
n3
03
03
03
03
03
04
04
05
05
05
06
06
06
06
n7
ny
08
08
09
na9
10
10
1o
10
11
12
12
13
13
14
14
14
14
16
16
17
17
18
18
18
18

GoNNONANNN
2455999997
206842569
le81764312
l.66458224
1456103358
1648612019
1442930074
16384664873
1.34863561
1629397216
1622437218
1418176362
lel12265872
1609389962
107575657
1406352773
1405471459
104805914
le04285359
16 03R66966
le02600335
1601959789
1.01313636
l.00G88190
l1eQNT792079
1.00660960
100567108
1.00496608
le00397739
1.00265588
100199364
lennN133032
lenrngag23
1.0NNT7GR82
leONN6GE6583
1«NNOS5TNRD
1leCO049950
100039668
1.00019G90
leQ0CC13329
le0n009Q07
le0ONNTGQT
1.00006665
160NNN5T713
1.00004%09
1.00003999

FUNCTIONS USEFUL IN THE ARBITRARY CASE, FOR SELECTED j.
THE FUNCTIONS ARE EXPLAINED IN THE TEXT
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APPENDIX A

PROPERTIES OF THE SEQUENCE Sn

‘ In this appendix, certain properties of the sequence
| are developed. They are, in the order in which they will be
discussed, the convergence of the sequence, a proof that the
sequence 1s monotonic increasing, and a determination of the
limit of the sequence.

The nth term of the sequence is defined by
n 2
s =4S 1
n nfl. 1/2
=17

but 1t is more convenient to deal with

n
g =1 Xl
n 172 .1/2
j=1"

where clearly

We can write R_ in the form

i1
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Consider the term with jJ = n - 1; since we can write

n=(n - 1)l+2€ , €>0

[n(n - 1)172 = (n - 1)1%¢

Similarly, we have

1/2 _ l+eI

(nJ) J 3 j=2,++ -, n1
I, > 1
'j —_
The nth element of the sequence may then be written
n-1
_ 1 1 1
Bh=n* nl/2 * Z L 1+el,
J=2
n
1 1 1
*n + 1/2 + Z 1+¢
n =1 J
j=1
. 1 1
since W < —1—_*'_—8" for IJ i 1

AL
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n
Lim :
However, the series no« }: e is bounded from above for any
J=1

.1+e
J

e>0; let this bound be Ue. We have

and we conclude that the sequence Rn’ and hence also Sn’ is

bounded from above as n-«,

We next wish to establish the relationship

As before, we will work with Rn and show that

n+l n

from which equation A.5 immediately follows. From the definition
of Rn (equation A.2) we can derive a recursion relation

n 1/2

_ 1
Ro+1 = |p+1 Ry + o51 A.6



BELLCOMM, INC. - 4 -

If we consider Rn to be a variable, Rn+l

related to Rn, and it is easily shown that

1/2

n
Rn+1 > Rn for Rn < 1 + (H:T

Similarly, of course, it follows

1/2
n+l
Rp4p > Rpyq for Roq <1 ¢ (n+2)

Now, suppose we have shown that Rn < 1 + {———

it follows from equation A.6

1/2
n 1
Rn+1 ‘Tt

n
n+l

so that

n+2

n+l 172
n+l

R <1 + (

That is, if we can show that for some R

J

is linearly
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we can apply A.7 successively and show

1 x 1/2
Rk<l+(k_+T ,kiJ
But
1 1 1
R—_ ¢ — —1<1+:—
Loommt7e (e VE
and we have established
. 11/2
Rj < 1 + E%T)
for all j, and therefore that
Rn+l g Rn

and that equation A.5 is valid.

We also have established an upper bound on Rn (equation A.8)
and in the limit

R

. . 1/2
Lim < Lim 1 + { n ) = 2
n e n — N+

A.
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So

Lim M
n+e n —

The limit of the sequence Sn can be established

directly by means of a transformation as follows.¥

Define y through the relation

by =iz W=D

S

We note that the region o <y < 1 is divided by Ay into n
equal lengths, and we can write

y=1
= Ay
Rn E: 1/2
y=o ¥

In the limit as n+~, the sum becomes an integral and

1
Lim o f dy _ >
n+« n ] 1/2
J0 7Y

*This method was suggested by B. G. Smith.

A.9
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and we also have

Lim = 4
n->e n

This is consistent with equation A.9.
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The above relationship was used in Section IITI to prove

that

APPENDIX B

In this appendix we prove the relationship

which indicates that it 1s advantageous to increase the number
of transmission levels.

which generates T

Fj+1 is related to PJ through

2T, 2
T =

+1 1 +7T,
J J

Let us consider the function

-Y 3 ,—_'L
J+1 \J_ + YJ,

j+1 when Yj = Fj; Yj+1 =

B.



BELLCOMM, INC. -2 -

Appendix B

We may write

J
r. =1+ 1l-d
J 3
1
B.5
1ﬂ:J dy
- _J+1
rj+l 1 +[ I dyj
1 J
From B.4 we obtain
dv. 8v.
Yi+l _ Y3 B.6
Ty A y?

This function is plotted in Figure B-1. The properties which
are important to the discussion are

Dye1

dy,

> 0 for all finite Ys > 1 B.7a
J

< 1 for Yj > 1 B.7b

=1 for Yy =1 B.7c
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Appendix B

Let us suppose for the moment that rj > 1; by
applying (B.7a) to the second of equations (B.5) we obtain

rj+l > 1 B.8

Since T', = 4 (equation 26, Section III), the above relationship

1
may be applied successively to P2, F3, *+ ¢+ +, s0 that equation

B.8 is valid for all j.
Compare the two equations B.5. Except for the point
Yj = 1, the integrand for T is less than that for PJ (equation

j+1
B.7b and B.7¢); since TJ > 1, however, we immediately conclude
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